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We study spin filtering properties of interferometer formed by helical edge states of two dimen-
sional topological insulator. We find that unpolarized incoming electron beam entering interferom-
eter through one of the metallic leads acquires a finite polarization after transmission through the
setup provided that interferometer contains magnetic impurities. The finite polarization appears
even in the fully classical regime and therefore robust to dephasing. There also exists quantum con-
tribution to polarization which survives at relatively large temperature and is tunable by magnetic
flux piercing the interferometer. Specifically, the quantum contribution shows sharp identical reso-
nances as a function of magnetic flux with maxima (in the absolute value) at integer and half-integer
values of the flux. For interferometer containing a single strong magnetic impurity, which blocks
the transmission in one shoulder of interferometer, the spin polarization of transmitted electrons
can achieve 100%. We also show that polarization reverses sign when impurity is moved from one
shoulder of interferometer to another. The obtained results open wide avenue for applications in
the area of quantum networking.
All-electrical control of electron spins is a challenging
task of primary importance for spintronics, information
processing, and quantum networking [1–3]. An effective
low-cost room-temperature solution of this task would al-
low for tunable coherent transmission of the spin polar-
ization over long distances which is a necessary condition
for effective manipulation by spin qubits and for quantum
computing. Since the spin field effect transistor (Spin-
FET) was proposed for the first time [4], a great efforts
were undertaken to achieve coherent spin transmission
and manipulation by using setups of various design [5–
11]. The main difficulties in this way are connected with
the fast spin relaxation, low efficiency of the spin injec-
tion [12] and/or need to use non-semiconductor elements
like ferromagnetic contacts whose in-built magnetic field
strongly affects the transport in SpinFET channel.
One of the key steps towards all-electrical all-
semiconductor spin information processing is to propose
an effective mechanism of electrical spin filtering, e.g. the
creation of spin-polarized states from unpolarized elec-
tron or hole beams without using strong magnetic fields,
optical elements, and/or ferromagnetic contacts. Phys-
ically, spin filter blocks transmission of particles with
one spin orientation, say spin-down, so that outgoing
current acquires spin-up polarization. Existing candi-
dates for spin filtering include resonant tunneling diodes
[13, 14], quantum dots [15, 16], Y−junctions [17, 18], and
Aharonov Bohm interferometers [19]. In all these struc-
tures spin polarization is achieved due to ferromagnetic
contacts or spin-orbit coupling and was never shown to
be sufficiently large. In recent years there is a growing
interest in the use of spin filters based on the quantum
point contacts (QPC) with strong SO interaction and
ingeenered structures incorporating QPCs as building
blocks [20–25]. Although QPC-based structures are very
promising candidates for spin-filtering and the predicted
spin polarization in the single-mode operation regime of
SpinFET with QPCs can be about 100% [23] (thus cor-
responding to plateau of conductance at the value e2/h),
one of the main obstacles in the way of coherent spin
control—fast spin relaxation—remains unresolved. This
implies that spin polarization can not be transferred for
a distance exceeding the spin relaxation length which is
typically not quite large for conventional semiconductors
with SO interaction.
In this paper, we propose to overcome this obstacle by
using unique properties of helical states existing at the
edges of 2D topological insulators, which are materials
insulating in the bulk, but exhibiting conducting chan-
nels at the surface or at the boundaries. In particular,
the 2D topological insulator phase was predicted in HgTe
quantum wells [26, 27] and confirmed by direct measure-
ments of conductance of the edge states [28] and by the
experimental analysis of the non-local transport [29–32].
These states are one-dimensional helical channels where
the electron spin projection is connected with its veloc-
ity, e.g. electrons traveling in one direction are charac-
terized by spin “up”, while electrons moving in the oppo-
site direction are characterized by spin “down”. Remark-
ably, the electron transport via helical edge states (HES)
is ideal, in the sense that electrons do not experience
backscattering from conventional non-magnetic impuri-
ties, similarly to what occurs in edge states of Quantum
Hall Effect systems, but without invoking high magnetic
fields (for detailed discussion of properties of HES see
Refs. [33, 34]). Hence, in the absence of magnetic disor-
der, the boundary states are ballistic and topologically
protected from external perturbations. Due to this key
advantage a spin, which travels along edge does not re-
lax, so that such states are very promising candidates for
quantum spin networking.
We consider an interferometer formed by helical-edge
states of a 2D topological insulator tunnel-coupled to
leads (see Fig. 1). The tunneling conductance of this
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FIG. 1: (Color online) Interferometer formed by HES tunnel-
coupled to the metallic point contacts. The magnetic impu-
rities are marked by dots.
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FIG. 2: (Color online) Point contact between the helical ring
and the spinful wire.
setup is given by G = 2 × (e2/h)T , where factor 2
accounts that we have two conducting channels and,
for the case of spin-unpolarized contacts, the transmis-
sion coefficient, T , can be represented as an average
over incoming spin polarizations T = (T↑ + T↓)/2. Here
Tβ =
∑
α Tαβ =
∑
α〈|tαβ()|2〉, α, β =↑, ↓, 〈· · · 〉 =− ∫ d(· · · )∂fF () , fF () is the Fermi function and tαβ
is a transition amplitude from β to α. The spin polariza-
tion of outgoing electrons reads [35]
Pz = (T↑ − T↓)/(T↑ + T↓), (1)
where z−axis coincides with direction of spin at the po-
sition of outgoing contact. The interferometer contains
randomly distributed magnetic impurities shown by dots
in Fig. 1. We consider nonmagnetic leads, thus assuming
that different spin projections do not mix at the tunneling
contacts, so that electrons entering the edge with oppo-
site spins move in the opposite directions (see Fig. 2).
Such contacts are characterized by two amplitudes r and
t, obeying |t|2 + |r|2 = 1. We assume that t and r are
real and positive and parameterize them as follows [36]:
r =
√
1− e−2λ, t = e−λ, 0 < λ <∞.
The form and shape of the AB oscillations strongly
depend on the relation between temperature T and level
spacing ∆ = 2pivF /L, which is controlled by total inter-
ferometer circumference L and the Fermi velocity vF . For
L = 10 µm and vF = 10
7 cm/s, we get ∆ ≈ 3 K.
We assume that interferometer contains classical impu-
rities with large magnetic moment M (M  1) neglect-
ing feedback effect related to the dynamics of M caused
by exchange interaction with the ensemble of right- and
left-moving electrons (for infinite HES this effect was dis-
cussed in Ref. [37]) and describe such impurities by the
following scattering matrix[38]
SˆM =
(
eiα cos θ i sin θ eiϕ
i sin θ e−iϕ e−iα cos θ
)
. (2)
Backscattering probability is given by sin2 θ and simpli-
fies to θ2 for the case of weak impurity.
Recently, we discussed dependence of the tunneling
conductance G of such a setup on the external mag-
netic flux Φ piercing the area encompassed by edge states
[39]. We have demonstrated the existence of interference-
induced effects, which are robust to the temperature, i.e.
survive under the condition
T  ∆, (3)
and can therefore be obtained for relaxed experimental
conditions (for discussion of this regime in conventional
interferometers see Refs. [40–44]). Specifically, we have
found that G is structureless in ballistic case but shows
periodic dependence on dimensionless flux φ = Φ/Φ0
(here, Φ0 = hc/e is the flux quantum), with the period
1/2, in the presence of a single magnetic impurity in one
of the interferometer’s shoulders. Such a weak impurity
can be taken into account perturbatively provided that
θ  max(λ, 1). Resulting analytical expression for the
transmission coefficient reads [39]
T = tanhλ− θ˜
2
2
tanh2 λ (4)
where θ˜2 = θ2(1 + C|θ=0) and
C = t
4e4ipiφ
1− t4 cos2 θe4ipiφ +
t4e−4ipiφ
1− t4 cos2 θe−4ipiφ , (5)
represents “ballistic Cooperon” [39] which is the interfer-
ence contribution of the processes in which the electron
wave splits at the impurity into two parts passing the
setup in the opposite directions and returning to impu-
rity after a number of revolutions with equal winding
numbers (see Fig. 6 of Ref. [39]). The factor
θ˜2
θ2
= 1 + C|θ=0 = sinh(4λ)
cosh(4λ)− cos(4piφ) , (6)
describes coherent enhancement of backscattering prob-
ability caused by multiple returns to the impurity. This
enhancement has a purely quantum nature. The classical
limit, when all interference processes are neglected, can
be obtained by averaging T over flux. Having in mind
that 〈C〉φ = 0, we find that ”classical” conductance is
given by Eq. (4) with the replacement θ˜2 → θ2. Hence,
in the perturbative regime, T obeys 1/2−flux periodicity
T (φ + 1/2) = T (φ) and shows sharp identical antireso-
nances at integer and half-integer values of φ in the limit
of weak tunneling coupling, λ  1. In the latter limit,
the non-perturbative effects lead to appearance of the ad-
ditional contribution 2θ2. in the denominator of Eq. (6)
3[39]. Physically, this corresponds to the broadening of
the antiresonances because of multiple coherent scatter-
ing events.
Next, we discuss spin polarization of outgoing elec-
trons. We will focus on high temperature case, see
Eq. (3), which is more important from point of view of
possible applications (for discussion of spin polarization
in the low temperatures case see Refs. [45–47]). We will
demonstrate that the finite polarization appears even in
the fully classical regime and therefore robust to dephas-
ing. There also exists quantum contribution to polariza-
tion which survives at relatively large temperature and
is tunable by magnetic flux piercing the interferometer.
Specifically, we will demonstrate that similar to tunnel-
ing conductance the quantum contribution to the polar-
ization shows sharp identical resonances as a function of
magnetic flux with maxima (in the absolute value) at
integer and half-integer values of the flux.
Frist, we illustrate the key idea of calculations. Let us
consider a single impurity placed in the upper shoulder
of the interferometer and discuss a simple limiting case:
λ =∞, θ = pi/2 (strong impurity, open interferometer).
In this case, t = 0 and r = 1, so that electrons with
spin up (down) can go only through upper (lower) shoul-
der of interferometer (see Fig. 2). On the other hand
probability of backscattering by the impurity is given by
sin2 θ = 1, so that impurity fully blocks transmission
through the upper shoulder (see Fig. 3). Hence, such
a setup serves as ideal spin filter: the transmission of
electrons with spin up is blocked while spin-down elec-
trons can freely pass through the interferometer. Con-
sequently, the outgoing polarization reaches 100%. Evi-
dently, this is a classical result which is not sensitive to
dephasing. Below, we present detailed calculations of the
spin polarization for a number of other cases.
strong
magnetic
impurity
FIG. 3: (Color online) Strong magnetic impurity blocks
transmission of one component of the electron spin. For open
interferometer, λ = ∞, this leads to 100% polarization. Po-
larization reverses sign, when strong impurity is moved from
upper to lower shoulder.
Calculations in Ref. [39] can be easily generalized for
calculation of spin polarization. For a weak impurity
placed in the upper shoulder of interferometer, direct
summation of amplitudes in a full analogy with Ref. [39]
yields in the lowest order in θ2:
Tαβ = δαβ tanhλ− αβ exp[λ(α+ β)]
4 cosh2 λ
θ˜2 (7)
where α, β = ±1, for spin up and down, respectively.
Classical probabilities 〈|tαβ |2〉φ are given by Eq. (7) with
the replacement θ˜2 → θ2.
The perturbative in θ2 spin polarization can be found
from Eqs. (1) and (7):
Pz = − θ˜
2
2
= −θ
2
2
sinh(4λ)
cosh(4λ)− cos(4piφ) . (8)
As is seen from this equation, polarization shows sharp
identical antiresonances at integer and half-integer values
of flux for weak tunneling coupling, λ 1, and weak AB
oscillations for almost open setup, λ 1. Analogous cal-
culation for a single impurity with the same strength, θ,
placed in the lower shoulder of the interferometer yields
Eq. (8) with the opposite sign. In the classical regime,
the polarization is simply given by Pz = ±θ2/2, with
the sign determined by the position of impurity. One
can follow the evolution of polarization from quantum
to classical case by introducing a dephasing process with
the rate Γ which suppresses “ballistic Cooperon”. Tech-
nically, this means replacement λ → λ + λϕ in Eq. (8),
where λϕ = piΓ/2∆ (see Ref. [39]). For λϕ → ∞ we re-
store the classical result. Away from the resonant points
(more precisely, for cos(4piφ) < 0), dephasing leads to
the increase of polarization because the interference for
such values of φ is destructive.
Let us now consider a setup with a number of ran-
domly distributed impurities. We start our discussion
with the classical regime (λϕ →∞). One finds then Tαβ
as the sum over contributions from classical trajectories
propagating clockwise and counterclockwise and expe-
riencing collisions by magnetic impurities with forward
probability cos2 θ and backward probability sin2 θ. Re-
lations between classical currents flowing from different
sides of the impurity read: J↑n+1 = cos
2 θJ↑n + sin
2 θJ↓n+1,
J↓n = sin
2 θJ↑n + cos
2 θJ↓n+1. The vectors Jn = (J
↑
n, J
↓
n)
and Jn+1 = (J
↑
n+1, J
↓
n+1) are thus connected by the clas-
sical transfer matrix
Wˆcl(θ) = 1 + tan
2 θPˆ , Pˆ =
( −1 1
−1 1
)
. (9)
It obeys simple multiplication rule, Wˆcl(θ1)Wˆcl(θ2) =
Wˆcl(θ), tan
2(θ) = tan2(θ1) + tan
2(θ2). Let us con-
sider interferometer containing Nu impurities in the up-
per shoulder, characterized by θ1, . . . , θNu and Nl in the
lower one characterized by θ′1, . . . , θ
′
Nu
. Due to multi-
plicativity property one can equivalently consider inter-
ferometer with two impurities having effective strengths
gu =
∑Nu
n=1 tan
2(θn), and gl =
∑Nl
n=1 tan
2(θ′n), placed
respectively in the upper and lower shoulder of the inter-
ferometer. Next, we assume that current entering inter-
ferometer from the left contact is unpolarized, and use
the scattering probabilities r2 and t2 to write balance
equations for currents at the left and right contacts. We
find
Pz =
gl − gu
2 + (gu + gl) cothλ
. (10)
4Hence, the finite polarization exists even in the classical
regime and is therefore robust to dephasing [48].
The above perturbative analysis of a single impurity
case shows that all quantum effects are encoded in the
renormalization of backscattering probability: θ2 → θ˜2.
Physically, it happens because such effects arise due to
the interference of multiple returns to magnetic impu-
rity along the ballistic trajectories propagating in oppo-
site directions and having the same winding numbers.
Therefore, generalization for the case of many impuri-
ties is trivial: one should expand Eq. (10) over impuri-
ties backscattering probabilities in lowest order and take
into account the renormalization, Eq. (6). For the case
of weak impurities of equal strength, we find that T is
given by Eq. (4) with the replacement θ˜2 → θ˜2(Nu+Nl),
and the polarization reads
Pz =
θ˜2(Nl −Nu)
2
−→
λ1
2λθ2(Nl −Nu)
1− cos(4piφ) + 8λ2 . (11)
In order to find non-perturbative expressions for spin
polarization we need to specify our model in more de-
tail. We will consider isotropic exchange interaction with
magnetic impurity Hint = AσM δ(x − x0), where x0 is
the impurity position. Then forward and backward scat-
tering phases [see Eq. (2)] are given by α = ρ0 cos η,
θ = ρ0 sin η, ρ0 = AM/~vF . We assume that impurities
are weak, ρ20Nu  1, ρ20Nl  1. In this case the mean
free path is much larger than L, so that the regime is
ballistic and one can neglect localization effects. We re-
place interaction with Nu (Nl) impurities in the upper
(lower) shoulder by transfer matrix Wˆu (Wˆl) describing
scattering on the shoulder as a whole. In the ballistic
regime, parameters of this matrix read (see Appendix)
θue
iϕu = ρ0
Nu∑
n=1
sin ηne
iϕn−2ikxn , αu = ρ0
Nu∑
n=1
cos ηn
(12)
(and u → l for lower shoulder). We average the final
polarization over directions of vectors Mn, which means
averaging over ϕn and ηn. The parameters of transfer
matrix depend on positions of impurities, xn. These po-
sitions, however, can be incorporated into ϕn and drop
out after averaging.
Let us consider interferometer with two effective im-
purities in the upper and lower shoulder, characterized
by transfer matrices Wˆu = Wˆu(θu, ϕu, αu) and Wˆl =
Wˆl(θl, ϕl, αl), respectively. Assuming that θu,l  1 and
in the vicinity of the resonances, δφ = φ − n  1 or
δφ = φ − (n + 1/2)  1, we find the disorder-averaged
spin polarization, Pz =
∫
Pzfufl du dl, where
Pz=
λ(θ2l − θ2u)
4λ2+(2pi δφ+αu+αl)2+ |θueiϕu−θleiϕl |2 . (13)
and fu, fl are distribution functions for parameters of
matrices Wˆu and Wˆl (see Appendix). We have, fu =
fu(θu, ϕu, αu) = exp
[−(θ2u + α2u)/(2ρ2u)] /(2pi)3/2ρ3u,
with ρ2u = Nuρ
2
0/3. The function fu does not de-
pend on ϕu and is normalized as
∫
fudu = 1, where
du = θudθudαudϕu. Expression for fl is obtained by
replacement u → l. [One can easily show that the same
functions fu,l can be used for disorder averaging of clas-
sical formula, Eq. (10).] In Fig. 4 we present the results
of calculations for averaged polarization. We see that
sharp resonances in polarization broaden with increasing
the strength of magnetic disorder, ρ2 = (Nu +Nl)ρ
2
0/3.
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FIG. 4: (Color online) Broadening of resonances in polar-
ization with increasing strength of magnetic disorder, ρ2 =
(Nu +Nl)ρ
2
0/3, and λ = 0.03.
To conclude, we have found that the unpolarized elec-
tron beam entering tunneling interferometer on HES with
magnetic impurities acquires a finite polarization after
transmission through the setup. There is a classical con-
tribution to polarization which is insensitive to dephasing
processes. An additional quantum contribution shows
sharp identical resonances as a function of magnetic flux
with maxima (in the absolute value) at integer and half-
integer values of the flux. The latter also survives at
relatively large temperature and is tunable by magnetic
flux piercing the interferometer.
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Appendix: Technical details of calculations
A single impurity with S matrix, given by Eq. (2),
placed at position x0 is described by the following trans-
fer matrix
Wˆ =
e−iα
cos θ
(
1 e−iϕ−2ikx0 sin θ
eiϕ+2ikx0 sin θ 1
)
. (A.1)
Having Nu impurities at the upper shoulder, character-
ized by transfer matrices Wˆ1, . . . WˆNu , we determine the
transfer matrix of the whole upper shoulder as
Wˆu = Wˆ1Wˆ2 . . . WˆNu ,
and similarly for Wˆl. In the weak impurity limit non-
commutative property of Wˆj is relaxed and we obtain
Eq. (12). We define 2×2 matrices κ = diag[e−λ/2, eλ/2],
Λ = diag[eikL/2+ipiφ/2, e−ikL/2+ipiφ/2] and the matrix of
transmission amplitudes
tˆ = 2 sinhλ Λκ Wˆu κ (1− κΛ2Wˆl κ2Wˆu κ)−1σ3 .
6The transmission coefficients are expressed via elements
of tˆ as follows: Tαβ() = |tαβ |2. Straightforward calcula-
tion leads then to Eq. (13).
Let us now calculate distribution functions for parame-
ters of Wˆu and Wˆl. To this end, we enforce the conditions
(12) by writing∫
ds1 ds2 ds3
(2pi)3
eis1(θu cosϕu−ρ0
∑
sin ηn cos (ϕn−2kLxn))
×eis2(θu sinϕu−ρ0
∑
sin ηn sin (ϕn−2kLxn))+is3(αu−ρ0
∑
cos ηn)
Averaging over the orientation of impurities is given
by
∏
n sin ηndηn dϕn/4pi. Performing this integration
and then integrating over s1,2,3 in weak scatterers’
limit, we obtain the formulas for fu and fl presented
in the main text The average polarization is given by
〈Pz〉 =
∫
Pzfufl du dl. We raise the denominator of
Pz to the exponent, λ(θ
2
l − θ2u)/(4λ2 + . . .) = λ(θ2l −
θ2u)
∫∞
0
dz e−z(4λ
2+...) and perform integrations over du dl.
The remaining integration over x = 2z(ρ2u + ρ
2
l ) reads
〈Pz〉 = λA
∫ ∞
0
dx
(1+x)5/2
exp
[
− 2xρ2
(
λ2 + pi
2δφ2
1+x
)]
(A.2)
= λA F [piδφ/λ, ρ/2λ] ,
where
F [Φ, z] = z
2
2Φ2 Re
[
1−
√
pi
2 e
(1−iΦ)2
2z2
(
1
z − i zΦ
)
erfc
[
1−iΦ√
2z
]]
.
(A.3)
Here ρ2 = ρ2u + ρ
2
l and asymmetry parameter A =
(ρ2u − ρ2l )/(ρ2u + ρ2l ). The compact form (A.3) was ob-
tained by expanding general expressions at small λ, δφ.
Making substitution pi δφ → 12 sin 2piφ in (A.3), we re-
store the expected periodicity of 〈Pz〉. Thus obtained
function is shown in Fig. 4 of the main text. It is a good
approximation of 〈Pz〉 in the whole range of φ.
